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Abstract

Army cadets obtain occupations through a centralized process. Three objectives — increas-
ing retention, aligning talent, and enhancing trust — have guided reforms to this process since
2006. West Point's mechanism for the Class of 2020 exacerbated challenges implementing
Army policy aims. We formulate these desiderata as axioms and study their implications
theoretically and with administrative data. We show that the Army's objectives not only
determine an allocation mechanism, but also a speci c priority policy, a uniqueness result that
integrates mechanism and priority design. These results led to a re-design of the mechanism,
now adopted at both West Point and ROTC.
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1 Introduction

Each year, the US Army assigns thousands of graduating cadets from the United States Military
Academy (USMA) at West Point and the Reserve Of cer Training Corps (ROTC) to their rst job
in a military occupation, or branch, through centralized systems. Combined, the West Point and
ROTC branching systems determine the branch placements for 70 percent of newly commissioned
Army of cers (DoD, 2020). In 2006, the US Army created a “market-based” system for branch
assignments with the goal of increasing of cer retention (Golarruso, Lyle, and Wardynski, 2010).
The system, known as the Branch-of-Choice or BRADSO program, gives cadets heightened priority
for a fraction of a branch's positions if they express a willingness to BRADSO, or extend the length
of their service commitment. [J

Since the allocation problem involves both branch assignment and length of service com-
mitment, the Army's branching system is a natural application of the matching with contracts
framework developed by Kelso and Crawford (1982)|and Hat eld and Milgrom (2005). |In that
framework, a centralized mechanism assigns both positions and contractual terms. However,
the Army's mechanism, hereafter USMA-2006, was designed while the matching with contracts
model was still being developed and the original formulation in Hat eld and Milgrom (2005)
did not directly apply to the Army's problem. Subsequent research by Hat eld and Kojima (2010)
broadened the framework in a way that allows it to apply to the Army's problem. E] Building on this
research, nmez and Switzer|(2013) proposed that the Army use the cumulative offer mechanism
to assign cadets to branches. While this proposal had desirable theoretical properties, it required
a more complex strategy space in which cadets have to rank branches and terms jointly. Under
the USMA-2006 mechanism, cadets only rank branches and separately indicate their willingness
to BRADSO for any branch. The Army considered the existing strategy space more manageable
than a more complex alternative. In addition, $ onmez and Switzer|(2013) showed that the Nash
equilibrium outcome of the USMA-2006 mechanism was equivalent to the outcome of the cumu-
lative offer mechanism if cadet preferences took a particular form, where willingness to BRADSO
is secondary to rankings of branches. Seeing the proximity between USMA-2006 and the proposal,
the Army decided to keep the simpler strategy space and maintain the USMA-2006 mechanism.

In 2012, the US Army introduced Talent-Based Branching to develop a “talent market” where
additional information about each cadet in uences the priority a cadet receives at a branch (Co-
larusso, Heckel, Lyle, and Skimmyhorn, 2016). In the branch assignment process, prioritization
at each branch has long been based on the order-of-merit list (OML), a composite of a cadet's
academic, physical, and military performance scores. Talent-Based Branching was introduced to
allow branches and cadets to better align their interests and t for one another. Under Talent-



ratings of cadets were originally a pilot initiative, but for the Class of 2020, the US Army decided
to use these ratings to adjust the underlying OML-based prioritization, constructing priorities at
each branch rst by the tier and then by the OML within the tier.

The desire to use branching to improve talent alignment created a new objective for the Branch-
of-Choice program beyond retention. Since the decision to integrate cadet ratings into the mecha-
nism took place under an abbreviated timeline, the US Army maintained the same strategy space
for the mechanism as in previous years, and devised the USMA-2020 mechanism to accommodate
heterogenous branch priorities. In their design, the Army created two less-than-ideal theoretical
possibilities in the USMA-2020 mechanism. First, a cadet could be charged BRADSO under the
USMA-2020 mechanism even if she does not need heightened priority to receive a position at that
branch. While this was also possible under USMA-2006, it was nearly four times as common un-
der USMA-2020. Second, under USMA-2020, a cadet's willingness to BRADSO for a branch can
improve priorities even for regular positions. Surveys of cadets showed that these aspects poten-
tially undermined trust in the branching system, and led the Army to reconsider the cumulative
offer mechanism, despite its more complex strategy space. At that point, the Army established a
partnership with market designers.

This paper reports on the design of a new branching system for the Class of 2021, COM-
BRADSO, based on the cumulative offer mechanism together with a choice rule for each branch
that re ects the Army's dual objectives of retention and talent alignment. We develop a model that
integrates priority design with mechanism design. Our main formal result is that the Army's ob-
jectives, when formulated through intuitive axioms, uniquely give us the cumulative offer mecha-
nism together with a choice rule, endogenous in our setting. In developing this result, we provide
direct evidence of the relevance of these axioms in the design. To the best of our knowledge,
our main result is the rst joint characterization of the cumulative offer mechanism along with a
speci c choice rule that is induced by the central planner's policy objectives. E]

A second contribution of this paper is to provide a formal analysis of the USMA-2020 mecha-
nism. Our analysis shows how issues related to the lack of incentive compatibility became more
pressing with the USMA-2020 mechanism, leading the Army to abandon this mechanism. We il-






contained in Appendix A. |

2 Model

There is a nite set of cadets | and a nite set of branches B. There are q, identical positions at

any given branch b 2 B, and a total of & ,,5qp positions across all branches. Each cadet is in
need of at most one position, and she can be assigned one at any branch either at abase cost of
t® years of mandatory servicese
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2. foranyi2 I,
(i, t7) wy (i,19).

Let V\/bF be the set of all linear orders on I T which satisfy these two conditions.

When a given BRADSO policy is invoked at a branch b 2 B (for some or all of the positions), (i)
the relative priority order of cadets with identical willingness to serve the increased cost remain
the same as the baseline priority order py, and (ii) any cadet has higher claims for a position at
branch b with the increased cost t* compared to her claims for the same position with the base
cost 0.

How much of an advantage a BRADSO policy grants to a cadet in securing a position at branch
b due to her willingness to serve the increased cost t* differs between distinct elements of W,OF
Given two BRADSO policies w, ,n; 2 W, , the policy ny has weakly more effective BRADSO
than the policy w; fif,

forany i,j 2 I, L.t wy (b9 =) G, (1.

That is, the boost received under ng (for the units the BRADSO policy is invoked) is at least as
much as the boost received under w; for any individual when n; has weakly more effective
BRADSO thanw, .

2.3 Examples of BRADSO Policies: Ultimate and Tiered

Given a branch b 2 B and a baseline priority order py, 2 P, de ne the ultimate BRADSO policy
W, 2 W, as the BRADSO policy where willingness to serve the increased costt* overrides any
differences in cadet ranking under branch- b baseline priority order p
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Under a tiered BRADSO policy W; , foranytier ~ 2f 1,...,ngand three cadetsi, j,k 2 I,
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bilateral match between cadet i and branch b at the cost of t. Let
X=1 B T

denote the set of all contracts. Given a contractx 2 X, let i(x) denote the cadet, b(x) denote the
branch, and t(x) denote the cost of the contractx. Thatis, x = i(x),b(x),t(x) .
For any cadeti 2 I, let
Xi=fx2X :i(x)=ig

denote the set of contracts that involve cadet i. Similarly, for any branch b 2 B, let
Xp=1x2X :b(x)= bg

denote the set of contracts that involve branch b. Observe that for any cadeti 2 I, her preferences

i2 Q originally dened over B T[f Ag can be rede ned over X;[f AQ (i.e. her contracts
and remaining unmatched) by simply interpreting a branch-cost pair (b,t) 2 B T in the original
domain as a contract between cadeti and branch b at costt in the new domain.

2.5 Allocations, Mechanisms, and their Desiderata
An allocation is a (possibly empty) set of contracts X X , such that

(1) foranyi2 I, jfx2 X:i(x)=igj 1,
(2) forany b 2tix i



A mechanism is a strategy spaceS; for each cadeti 2 | along with an outcome function
i OstA
i21

that selects an allocation for each strategy pro le. Let S = 05, S.
Given a mechanism S,j , the resulting assignment function j; :S! B T[f Agfor cadet
i 2 lisde ned as follows: Forany s2 S and X = j (s),

ji(s) = Xi.

A direct mechanism is a mechanism where S; = Q for each cadeti 2 |I.

We next formulate the desiderata for allocations and mechanisms. Our rst three axioms are
basic, and standard in the literature.
De nition 1. An allocation X2 A satis esindividual rationality  if, foranyi?2 I,

Xi i A&

AmechanismS,| satis esindividual rationality  if, the allocatiorj (s) satis es individual rationality
for any strategy prole 2 S.
De nition 2. An allocation X2 A satis es satis emon-wastefulness if forany b2 Bandi2 I,

)
fx2 X:b(x)=bg < q,, and

- _ 0
X = /E =) A i (bt").

A mechanism S,| satis esnon-wastefulness if, the allocation (s) satis es non-wastefulness for any
strategy prole s2 S.

De nition 3.  An allocation X2 A has no priority reversals if, foranyi,j 2 |,and b2 B

)
b(X;) = b, and o
=) jpbi.
Xi i X
A mechanism S, has no priority reversals if, the allocationj (s) satis es elimination of priority
reversals for any strategy pro le3 S.

This condition states that if cadet j is assigned branch b at any cost and cadeti prefers cadet
j's assignment to her own, then j must have higher baseline priority than i.° If instead cadet i
strictly prefers cadet j's assignment even though cadet |






branch b 2 B, cadets who are willing to extend their Active Duty Service Obligation (ADSO) by
three years if assigned to branch b are given higher priority. m To infer which cadets are willing
to serve the additional three years of ADSO for any given branch b, the strategy space of the
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21
ji(s)=(b,t*) =) i (P,Binfbg), s ; 6(b,1°).

That is, any cadeti 2 | who receives a position at branch b at the increased costt* under |
should not be able to pro t by receiving a position at the same branch at the cheaper base cost t°
by dropping branch b from the set of branches B; for which she has indicated willingness to serve
the increased costt* . Alternatively, a cadet should never be charged BRADSO for a branch merely
because of his/her willingness to serve the increased cost.

Our next axiom formulates the idea that the willingness to serve the increased cost t* at a
branch should never serve the sole purpose of enabling an assignment in this branch at the base
cost 0.

De nition 7. A quasi-direct mechanism j satis es elimination of strategic BRADSO if, for any s =
Pi.Bj 5,2 (P 2%)Ui2 1,andb2 B,
ji(s)=(b,t% =) ji (P,Binfbg), s i =(b,1°).

That is, any cadeti 2 | who receives a position at branch b at the base costt® under j should
still do so upon dropping branch b from the set of branches B; for which she has indicated will-
ingness to serve the increased costt™ (in caseb 2 Bi)ﬁ Whenever this axiom fails for a cadet
i 2 I atabranchb 2 B, cadeti has an opportunity to strategically indicate a willingness to serve
the increased costt™ at branch b and receive a position at this branch at the base costt® which is
otherwise beyond reach in the absence of this strategy.

Our last axiom relaxes the lack of priority reversals formulated in Section y removing any
dependence on cadet preference information on branch-cost pairs not solicited by the mechanism.

De nition 8. A quasi-direct mechanism j has no detectable priority reversals if, for any s =

Pi.Bj ,, 2 (P 2%, b2 B,andi,j2 I,

j i(s)=(b,t%, and

j(9=(bt) o bRbj(y ) P

This condition requires that whenever a cadet j 2 | is assigned a position at a branchb 2 B at
the cheaper base cost?, while another cadet i 2 | receives a visibly less desired assignment by
(i) either receiving a position at the same branch at the increased costt* or

(i) by receiving a position at a strictly less preferred (and possibly empty) branch based on cadet
i's submitted preferences P on B[f A4,

cadet j must have higher baseline priority under branch b than cadeti.

11This statement holds vacuously if b 62B;.

12



The distinction between our axiom on the lack of priority reversals and its weaker version on
the lack of detectable priority reversals is subtle. When a mechanism has priority reversals, thus
failing the stronger of the two axioms, there is a cadet i 2 | who strictly prefers the assignment
of another cadet j 2 | nfig despite having higher claims for this position. The key difference
is that veri cation of this anomaly may require knowing the preferences i2 Q of cadeti over
branch-cost pairs, which is potentially private information that may not be always available (even
to the central planner). Veri cation is particularly challenging if the mechanism is not a direct
mechanism. In contrast, when a quasi-direct mechanism has detectable priority reversals, thus
failing the weaker of the two axioms, there is a cadet i 2 | who strictly prefers the assignment of
another cadet j 2 I nfig no matter what cadet i's preferences ;2 Q over branch-cost pairs are
provided that they are consistent with her submitted preferences P; 2 P over branches alone. In
that sense, all detectable priority reversals can be veri ed under a quasi-direct mechanism, but the
same is not true for all priority reversals.

3.2 USMA-2006 Mechanism

We are ready to introduce the quasi-direct mechanism the Army has adopted at USMA starting
with the Class of 2006 to implement its BRADSO program. Since it is a quasi-direct mechanism,
the strategy space for this mechanism is given as

g2006— p 9B J'J',

and the following construction is useful to introduce its outcome function:
Given an OML p and a strategy prole s = ( P;,Bj)i2; 2 S2%9, for any branch b 2 B construct
the following adjusted priority order p; 2 P onthe set of cadets|. For any pair of cadets i,j 2 I,

1.b2Bjandb2 B; =) ip,j 0 ipi
2.b628;andb628; =) ip;j ( ipj and
3.b2Bjandb628; =) ip] ]

Under the adjusted priority order p; , any pair of cadets are rank ordered through the OML p if
they have indicated the same willingness to serve for branch b, and through the ultimate BRADSO
policy Wb" (which gives higher priority to the cadet who has indicated to serve the increases cost)
otherwise.

Given an OML p and a strategy prole s = ( P;,Bi)i2; 2 S?°° the outcome j 2°%9(s) of the
USMA-2006 mechanism is obtained with the following sequential procedure:

Branch assignment: At any step = 1 of the procedure, the highest p -priority
cadeti who is not tentatively on hold for a position at any branch applies to her

13






1. While in theory the USMA-2006 mechanism has BRADSO-IC failures and detectable prior-
ity reversals, these issues have been relatively rare in practice. For example, each year on
average 22 cadets have been affected by BRADSO-IC failures and 20 cadets have been af-
fected by detectable priority reversals under the USMA-2006 mechanism across the Classes
of 2014-2019 (These facts are described in further detail below in Figure@).

2. Any potential BRADSO-IC failure or detectable priority reversal can be manually corrected
ex-post, since each only involves a cadet needlessly paying the increased cost at her assigned
branch. An ex-post manual reduction of the cost to the base cost t° completely resolves the
issue.

3. Eventhough the USMA-2006 mechanism allows for additional priority reversals which may
alter a cadet's branch assignment and consequently cannot be manually corrected ex-post,
the veri cation of any such theoretical failure relies on cadet preferences over branch-cost
pairs. Since USMA-2006 is a quasi-direct mechanism, information on cadet preferences over
branch-cost pairs is not available.

In summary, any possible failure of the properties above under the USMA-2006 mechanism
can either be manually corrected ex-post or cannot be veri ed based on the existing data. In large
part for these reasons, the USMA-2006 mechanism was maintained by the Army for fourteen years



A key distinction between the USMA-2006 mechanism and the USMA-2020 mechanism was
that, even though the Army continued to cap the number of BRADSO-eligible positions at 25 per-
cent of the total number of positions within each branch, the Army used the adjusted priority
ranking of cadets mainly intended for the BRADSO-eligible positions also for the regular posi-
tions. Through this practice the matching aspect of the branching process was transformed into a
standard priority-based assignment problem, which in turn made it possible for the Army to use
the individual-proposing deferred acceptance algorithm to determine the branch assignments.



For any strategy prole s = ( P;,Bj)i2;, the outcome j 29%9(s) of the USMA-2020 mechanism is
given as follows. For any cadet i 2 I,
8
3 A& i)z A&
j 2929s) = n(i),t° if m(i) 62Bjor j2 1:n(j)= n(i), n(j) 2 B}, and i Py i q;(i),
m(i),t* if m(i)2 Biand j2 1:n(j)= n(i), m(j) 2 B, andipnyj < q;(i)-

In the USMA-2020 mechanism, each cadeti 2 | is asked to submit a preference relation P; 2 P
along with a (possibly empty) set of branches B; 2 2B for which she indicates her willing to serve
the increased costt™ to receive preferential admission. A priority order p; of cadets is constructed
for each branch b by adjusting the baseline priority order p,, using the BRADSO policy w; when-
ever a pair of cadets submitted different willingness to serve the increased cost t* at branch b.
Cadets' branch assignments are determined by the individual-proposing deferred acceptance al-
gorithm using the submitted pro le of cadet preferences (P;)i2, and the pro le of adjusted priority
rankings (p;)bZB. A cadet pays the base cost for her branch assignment if either she has not de-
clared willingness to pay the increased cost for her assigned branch or the increased cost capacity
for the branch is already lled with cadets who have lower baseline priorities. With the exception

of those who remain unmatched, all other cadets pay the increased cost for their branch assign-
ments.

4.2 Shortcomings of the USMA-2020 Mechanism

Example@ in Section shows that the USMA-2020 mechanism fails both BRADSO-IC and elim-
ination of strategic BRADSO, and Example [B|in Section shows that it can admit detectable
priority reversals even under its Bayesian Nash equilibrium outcomes. Before formally present-
ing these examples in the next section, we rst describe how these failures already surfaced at the
USMA in Fall 2019, paving the way for our collaboration with the Army.

Before a formal analysis of the USMA-2020 mechanism was carried out by our team, USMA
leadership already recognized the possibility of detectable priority reversals under the USMA-
2020 mechanism due to either failure of BRADSO-IC or presence of strategic BRADSO. For exam-
ple, in a typical year, the number of cadets willing to BRADSO for traditionally oversubscribed
branches like Military Intelligence greatly exceeded 25 percent of the branch's allocations. There-
fore, by volunteering for BRADSO for an oversubscribed branch, some cadets could receive a
priority upgrade even though they may not be charged for it, making detectable priority rever-
sals a theoretical possibility. Moreover, unlike the detectable priority reversals under the USMA-
2006 mechanism, some of these detectable priority reversals can affect cadet branch assignments,
thereby making manual ex-post adjustments infeasible.

Failures of BRADSO-IC, elimination of strategic BRADSO, or presence of detectable priority
reversals, especially when not manually corrected ex-post, could erode cadets' trust in the Army's
branching process. Consider, for example, a comment from a cadet survey administered to the

17
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high priority tier, but results from the simulation indicated the branch was very likely to extend
contracts to medium priority cadets by the Engineer branch. As a result, cadets who volunteered
to BRADSO for Engineer who were also placed in the high priority tier by the branch, faced a
high probability of being charged BRADSOs under the USMA-2020 mechanism even though it
was unlikely these cadets needed to BRADSO to branch Engineer.

Several open-ended survey comments from USMA cadets in the Class of 2020 mirrored USMA
leadership's concern that continued use of the USMA-2020 mechanism would erode trust in the
branching process. We present three additional comments articulating concerns related to the lack
of BRADSO-IC, the presence of strategic BRADSO, and the dif culty of navigating a system with
both shortcomings:

1) “Volunteering for BRADSO should only move you ahead of others if you are actually charged for
BRADSO. By doing this, each branch will receive the most quali ed people. Otherwise people who
are lower in class rank will receive a branch over people that have a higher class rank which does
not bene t the branch. Although those who BRADSO may be willing to serve longer, if they aren’t
charged then they can still leave after their 5 year commitment so it makes more sense to take the
cadets with a higher OML.”

2) “I think it is still a little hard to comprehend how the branching process works. For example, | do
not know if | put a BRADSO for my preferred branch that happens to be very competitive, am | at a
signi cantly lower chance of getting my second preferred if it happens to be something like engineers?
Do | have to BRADSO now if | want engineers??? Am | screwing myself over by going for this
competitive branch now that every one is going to try to beat the system????”

3) “Releasing the simulation just created chaos and panicked cadets into adding a BRADSO who other-
wise wouldn’t have.

4.3 USMA-2006 and USMA-2020 Mechanism in the Field

In this section, we use administrative data on cadet rankings, branch priorities, and capacities to
investigate the performance of the USMA-2006 and USMA-2020 mechanisms. The data cover the
West Point Classes of 2014 through 2021. TabI{]l lists the capacity for each branch, the number
of cadets who list the branch as their top choice, and the number of cadets who expressed a will-
ingness to BRADSO for each branch for the Classes of 2020 and 2021. For the Class of 2020, 1,089
cadets participated in the branching process for 17 different branches. For the Class of 2021, 994
cadets participated in the branching process for 18 different branches.@

Figure [1] tabulates the incidence of BRADSO-IC failures, strategic BRADSO, and detectable
priority reversals among USMA cadets across the USMA-2006 and USMA-2020 mechanism. For
the USMA-2006 mechanism, we report the average across the Class of 2014 through Class of 2019.

20we successfully replicated the branch assignment for 99.2% of cadets in the Classes of 2014 through 2021. See
Appendix E}‘or details on our replication rates for each class.
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Nearly four times as many cadets are part of BRADSO-ICs from the Class of 2020 (where the
USMA-2020 mechanism was used) than earlier Classes from 2014 to 2019 (where USMA-2006
mechanism was used). Figure[] shows about 22 cadets were part of BRADSO-IC failures under
the USMA-2006 mechanism, while 85 cadets were part of BRADSO-IC failures under the USMA-
2020 mechanism. Parallel to the incidences on BRADSO-IC failures, Figure[Jr shows that nearly
four times as many cadets are part of detectable priority reversals under the USMA-2020 mecha-
nism than under the USMA-2006 mechanism (75 versus 20). It is not possible to have a strategic
BRADSOs under the USMA-2006 mechanism. Figure@ shows that 18 cadets in the Class of 2020
were part of strategic BRADSOs under the USMA-2020 mechanism. Importantly, these instances
are not possible to remedy ex-post since that would require a change in branch assignments (rather
than merely foregoing a BRADSO charge).

5 Single Branch Analysis

As with the USMA-2006 mechanism, truthful revelation of branch preferences is not a dominant
strategy under the USMA-2020 mechanism, thereby making its analysis challenging. Fortunately,
focusing on a simpler version of the model with a single branch is suf cient to illustrate and
analyze the main challenges of the USMA-2020 mechanism. Focusing on this simpler model also
offers a clear path to overcome these shortcomings, a path which is extended in Section@ to the
model in its full generality with multiple branches.

When there is a single branch b 2 B, there are only two preferences for any cadeti 2 |. The
base cost contract(i, b, t9) is by assumption preferred by cadet i to both its increased cost version
(i,b,t*) and also to remaining unmatched. Therefore, the only variation in cadet i's preferences
depends on whether the increased cost contact(i, b, t*) is preferred to remaining unmatched. For
any cadeti 2 [, jQj = 2 When there is a single branchb 2 B, since

« indicating willingness to serve the increased cost t* under a quasi-direct mechanism can
be naturally mapped to the preference relation where the increased cost contact (i,b,t*) is
acceptable, whereas

* not doing so can be naturally mapped to the preference relation where the increased cost
contact (i, b,t™) is unacceptable,

any quasi-direct mechanism can be interpreted as a direct mechanism. Therefore, unlike the gen-
eral version of the model, the axioms of BRADSO-IC and elimination of strategic BRADSO are
well-de ned for direct mechanisms when there is a single branch, and moreover they are both
implied by strategy-proofness. Ell

2IBRADSO-IC and elimination of strategic BRADSO together are equivalent to strategy-proofness when there is a
single branch. Strategy-proofness of a single branch, c435 op5Tnon-m17 i8(eover)5siG -27aesinglact



5.1 Single-Branch Mechanism f BR and Its Characterization

We next introduce a single-branch direct mechanism that is key for our analysis of the USMA-
2020 mechanism. The main feature of this mechanism is its iterative subroutine (in Step 2), which



then nalize Step 2 and proceed to Step SE] In this case ~ positions will be
assigned at the increased costt™ .

Otherwise, if

20 () wy (L) T+
then proceed to Step 2(" + 1), unless” = ¢, , in which case nalize Step 2 and
proceed to Step 3.

Step 3. Let Step 2n be the nal sub-step of Step 2 leading to Step 3. fi?,...,i"g

I is the set of cadets in I who each lose their tentative assignment (b, t%). For
each cadeti 2 1'nfil,... i"g, nalize the assignment of cadet i asfBR( ) =
(b, t9).

For each cadeti 2 J" with one of the n highest p,-priorities in J", nalize the
assignment of cadeti asf BR( ) = (b, t*)



Example 1. (Mechanics of Mechanism f BR) There is a single branch b with q, = 3and qb+ = 3.
There are eight cadets, with their set given as | = fil,i2,i3,i4,i%,i%,j', jg. The baseline priority
order py, is given as

iy i°py i* pp i pp i® pp it Py Py J%

and the BRADSO policy is the ultimate BRADSO policy W; . Cadet preferences are given as

(b,t% (bt ; £ forany i 2 fil,i%i° j'g, and
(b, i £ i (bth) forany i 2 f i%,i%,i°, jg.

We next run the procedure for the mechanism f BR,

Step 0. There are three regular positions. The three highest p ,-priority cadets in the set | are i°,
i°, and i%. Let 19 = fi4,i°i®g, and nalize the assignments of cadetsin 1%asf3( )= f8}( )=

fiEf;R( ) =(b,19).

Step L There are three BRADSO-eligible positions. Three highest p,-priority cadets in the set

Inl®areid, i?, andil. Let I* = fil,i?,i3g, and the tentative assignment of each cadet in I is (b, t%).
There is no need to relabel the cadets since cadet! is already the lowest p-priority cadet in 1%,
cadet i is the second lowest p ,-priority cadet in 1%, and cadeti® is the highest p ,-priority cadet in

11,

Step 2.0 The set of cadets inI n (19 11) = fj!, j2g for whom the assignment (b, t*) is acceptable
is J9 = fj'g. Since

j2 130 (j,tEZ) w, (it,t9) 1,

I }

=} =it jigj=1
we proceed to Step 2.1.
Step 2.1 Since(b,t*) ;» & we have J! = 1°[f ilg= fil,jg. Since

i 1l ity wot (i2 40
| j21 .(j,t{z)wb (|,t)} 2,

=jj=jfitjtgj=2

we proceed to Step 2.2.
Step 2.2 Since&£ ;2 (b,t*), we have J? = J' = fil, jlg. Since

Fo 12 4ty wot (i3 40y =
lJZJ .(j,t{z)wb (|,t)}—2,

=jrj=jfitjlgj=2

we nalize Step 2 and proceed to Step 2.3.

Step 3 Step 2.2 is the last sub-step of Step 2. Therefore two lowestp ,-priority cadets in 1%, i.e
cadetsi® and i?, lose their tentative assignments of (b, t%). In contrast, the only remaining cadet in

the setI* nfil,i?g, i.e cadeti® maintains her tentative assignment, which is nalizedas f2R( )=

(b, 19).
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The two highest priority cadets in J? are i* and j'. Their assignments are nalized as f 37(
) = f].BlR( ) = (b,t*). Assignments of the remaining cadets i? and j? are nalized as /& The nal

allocation is:

|
il i2 i3 i4 i5 i6 jl j2

f8R( )=
(b,t*) A& (b,1° (b,t% (b,t% (b,t%) (b,t*) £

Our rst result shows that when there is a single branch the direct mechanism f BR is the only
mechanism that satis es our main desiderata.

Theorem 1. Suppose there is a single branch b. Fix a baseline priority order p, 2 P and a BRADSO
policy wy 2 W[ . A direct mechanism j satis es

1. individual rationality,

2. non-wastefulness,

3. enforcement of the BRADSO policy,
4. BRADSO-IC, and

5. has no priority reversals,

ifand only if j = f BR,

5.2 Equilibrium Outcomes under the USMA-2020 Mechanism

While the USMA-2020 mechanism is not a direct mechanism in general, when there is a single
branch it can be interpreted a direct mechanism. In this case, for any cadet i 2 | the rst part of
the strategy spaceS; = P 2B becomes redundant, and the second part simply solicits whether
branch b is acceptable by cadeti or not (analogous to a direct mechanism).

Our next result shows that when there is a single branch the truthful outcome of the direct
mechanism f BR is the same as the unique Nash equilibrium outcome of the mechanism j 292,

Proposition 1. Suppose there is a single branch b. Fix a baseline priority order p, 2 P, a BRADSO policy
w; 2 Wb* and a preference pro le 2 Q Y. Then the strategic-form game induced by the mechanism
(S2020,j 2020) has a unique Nash equilibrium outcome that is equal to the allocation f BR( )3

Caution is needed when interpreting Proposition 1] if interpreted literally, this result can be
misleading. What is more consequential for Proposition Qs not the result itself, but rather its
proof which constructs the equilibrium strategies of cadets. The proof provides insight into why

23yUsing the terminology of the implementation theory, this result can be alternatively stated as follows: When there is
a single branch, the mechanism (S2020 j 2020) jmplements the allocation rule f BR in Nash equilibrium. See Maskin and
Sjpstrom|(2002) and| Jackson|(2001) for surveys of implementation theory.
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the failure of BRADSO-IC, the presence of strategic BRADSO, and the presence of detectable pri-
ority reversals are all common phenomena under the real-life implementation of the USMA-2020
mechanism (despite the outcome equivalence suggested by Proposition@).

Given the byzantine structure of the Nash equilibrium strategies even with a single branch, it
is perhaps not surprising that reaching such a well-behaved Nash equilibrium is highly unlikely to
be observed under the USMA-2020 mechanism. The following example illustrates the knife-edge
structure of the Nash equilibrium strategies under the USMA-2020 mechanism.

Example 2. (Knife-Edge Nash Equilibrium Strategies)

To illustrate how challenging it is for the cadets to gure out their best responses under the
USMA-2020 mechanism, we present two scenarios. The scenarios differ from each other mini-
mally, but cadet best responses differ dramatically. Our rst scenario is same as the one we pre-
sented in Example[1.

Scenario 1 There is a single branch b with g = 3 and q; = 3. There are eight cadets,| =
fil,i2,i%,i4,i%,i8,j1, j°0. The baseline priority order py is given as

i®ppi®ppi*ppi®ppi®ppitppjtppj® and
and the BRADSO policy is the ultimate BRADSO policy Wg . Cadet preferences are

(b, ; (bt") ; &£ forany i 2 fit,i%,i° j'g, and
(b, i £ i (bth) forany i 2 f i%,i4,i®, jg.

Let s be a Nash equilibrium strategy for Scenario 1 under the USMA-2020 mechanism. Recall
that when there is a single branch b, the strategy space for each cadeti 2 | is simply S;j = fb, AQ.
We construct the Nash equilibrium strategies in several phases.

Phase 1: Consider cadetsi! and j!, each of whom prefers the increased-cost assignment(b, t*)
to remaining unmatched. Since there are six positions altogether and there are ve higher py-
priority cadets than either of these two cadets, at most one of them can receive a position (at any
cost) unless each of them submit a strategy ofb. And if one of them submit a strategy of /4 the
other one has a best response strategy ofb assuring a position at the increased cost rather than
remaining unmatched. Hence, s, = S = b at any Nash equilibrium.

Phase 2: Consider cadet j% who prefers remaining unmatched to the increased-cost assignment
(b,t*). Since she is the lowestp ,-priority cadet, she cannot receive an assignment of (b, t% re-
gardless of her strategy. In contrast, she can guarantee remaining unmatched with a strategy of
sjz = /A While this does not at this point rule out a strategy of s; = Aat Nash equilibrium (just
yet), it means j jzzozo(s )= [E

Phase 3: Consider cadet i? who prefers remaining unmatched to the increased-cost assignment
(b,t*). Sheis the fth highest p-priority cadet, so she secures a



cadet j2 is remaining unmatched from Phase 2, and therefore there cannot be three cadets with
lower p-priority who receive an assignment of (b,t*). But since cadetj? prefers remaining un-
matched to the increased-cost assignment(b,t*), she cannot receive an assignment of(b,t*) at
Nash equilibria. Hence, her Nash equilibrium strategy is s, = 4 and her Nash equilibrium
assignmentisj 22%s ) = &

Phase 4: Consider the remaining cadets i3, i4, i® and i®. Since cadetsi? and j2 have to remain
unmatched (from Phases 2 and 3) at Nash equilibria, they each receive a position at Nash equi-
librium. Since only the two cadets i%%°



a strategy of b, this assures that exactly three positions will be assigned at the increased costt* .
Therefore a strategy of f s, = b assures assures cadei? an assignment of (b, t*), which cannot
happen at Nash equilibrium. Therefore, s} = Aand j 222(s) = A This not only assures that
j 3029(s9) = j 2029 = | J.21020(3() = ( b,t*), but it also means that SJ.O2 = b at Nash equilibrium, for

otherwise with two lower p,-priority cadets with strategies of A cadeti® would have an incentive



Suppose there is a single branchb with g = qb+ = 1 and three cadetsiy, i», and i3. The baseline
priority order py is such that

i1 Py i2 Py i3,

and the BRADSO policy w, is the ultimate BRADSO policy W, .
Each cadet has a utility function that is drawn from a distribution with the following two
elements,u and v, where:

u(b,t°) = 10, u(A = 8, u(b,t*)= 0, and v(b,t%) = 10, v(b,t") = 8, v(A = 0.

Let us refer to cadets with a utility function u(.) as type 1 and cadets with a utility function v(.)
as type 2. All cadets have a utility of 10 for their rst choice assignment of (b, t°), a utility of 8
for their second choice assignment, and a utility of 0 for their last choice assignment. For type 1
cadets, the second choice is remaining unmatched whereas for type 2 cadets the second choice is
receiving a position at the increased cost t*. Suppose each cadet can be of the either type with a
probability of 50 percent, and they are all expected utility maximizers.

The unique Bayesian Nash equilibrium s under the incomplete information game induced by
the USMA-2020 mechanism is, for any cadeti 2 f iy, i, 30,

/E ifcadetiis oftype 1, and

S. =
' b if cadet i is of type 2.

That is, truth-telling is the uniqgue Bayesian Nash equilibrium strategy for each cadet. However,
this unique Bayesian Nash equilibrium strategy results in detectable priority reversals whenever
either

1. cadeti; is of type 1 and cadets iy, iz 3



unnecessary. Indeed, some of the cadets indicated the need for a system that would allow them to
rank order branch-cost pairs. One cadet wrote:

“[...] I believe that DMI (Department of Military Instruction) could elicit a new type
of ranking list. Within my proposed system, people could add to the list of 17 branches
BRADSO slots and rank them within that list. For example: AV (Aviation) > IN
(Infantry)



The native linear order wbO simply mirrors the baseline priority order py, and prioritizes cadet-cost
pairsin I T as the cadet of the pair is prioritized under the baseline priority order py, while
giving higher priority to the base cost t° over the increased costt* for any given cadet.

Under the COM-BRADSO mechanism, each branch b 2 B relies on the following choice rule
to select a set of contracts from any set of contracts viable for branchb.

Choice Rule CER
For any set of contracts X X  that is viable for branch b,

Step 1. If there are less than qg contracts in X with distinct cadets, then choose
all contracts in X with the base cost tg and terminate the procedure. In this case
CR(X)= x2X:t(x) =t .

Otherwise, let X1 be the set ofqg highest wg—priority contracts in X with distinct
cadets@ Pick contracts in X; and proceed to Step 2.

Step 2. The set of contracts under consideration for this step is

n (0]
Y= x2XnXp: i(x),b,t° 62X; .

If there are less than qg contracts in Y with distinct cadets, then pick all contracts
in Y with the base cost t° and terminate the procedure. In this case GR(X) =
Xi[ x2Y:t(x)= 10 .

Otherwise, let X5 be the set ofq; highest W; -priority contracts in Y with distinct
cadets. Pick contracts in X, and terminate the procedure. In this case CER(X) =
Xi[ Xa.

Intuitively, the choice rule  GZR relies on the native priority order wy for the rst g positions, and
on the BRADSO policy w, for the last q; positions.

Observe that all increased cost contracts are selected in Step 2 of the choice ruIe(:DBR. Therefore,
an increase in the BRADSO cap means using the native priority order WS for fewer positions and
the BRADSO policy w; for more positions, thereby weakly increasing the number of increased-
cost contracts selected by the choice ruIeCE’R. Moreover, since the increased-cost contracts receive
weakly higher priorities when the BRADSO policy becomes more effective at branch b, such a
change in the BRADSO policy also weakly increases the number of increased-cost contracts se-
lected by the choice rule CER. We state these two observations in the following result.

Proposition 2. For any branch b 2 B and set of contracts X X  viable for branch b,

1. the higher the BRADSO cap qg is the weakly higher is the number of increased cost contracts accepted
under GR(X), and

Zsince X is viable and w{ is the native priority order, all contracts in  X; has the base cost®.
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2. the more effective the BRADSO policy w; is the weakly higher is the number of increased cost con-
tracts accepted under GPR(X).

We are ready to introduce the mechanism central to the Army's 2021 Branching reform. For
a given list of BRADSO policies (w; ), 2 B, let C3R = (CPR),,5 denote the list of branch-speci ¢
choice rules de ned above. COM-BRADSO mechanism is a direct mechanism where each cadet
reports her preferences overB T [f AQ. Therefore, the strategy space for each cadei 2 | is

SCOM BR =

The outcome function f ©©M BR for the COM-BRADSO mechanism is given through the following
procedure.

Cumulative Offer Mechanism under CBR

Fix a linear order of cadets p 2 P E] For a given pro le of cadet preferences
=( ii21 2 QI cadets propose their acceptable contracts to branches in a
sequence of steps = 1,2,...

Step 1. Leti; 2 | be the highest p -ranked cadet who has an acceptable contract.
Cadet iy 2 | proposes her most preferred contract x; 2 X, to branch b(x,).
Branch b(x1) holds x; if x; 2 CE&) fx1g9 and rejectsx; otherwise. Set Ag(xl) =
fx,g and set A2, = /Afor each b® 2 B nfb(x,)g; these are the sets of contracts

available to branches at the beginning of step 2.

Step ~. Leti- 2 | be the highest p-ranked cadet for whom no contract is cur-
rently held by any branch, and let x- 2 X;. be her most preferred acceptable
contract that has not yet been rejected. Cadeti- proposes contract x- to branch
b(x-). Branch b(x-) holds the contracts in CE(Ff(‘) A;)(X‘) [f x-g and rejects all
other contracts in Apx [f x- [fanch



Our nal and main theoretical result shows COM-BRADSO is the only mechanism that satis-
es all our desiderata.

Theorem 2. Fix a pro le of baseline priority orderépp)rog 2 P and a pro le of BRADSO policies
Wy og 2 Orog W, . A direct mechanisny satis es

1. individual rationality,
2. non-wastefulness,
3. enforcement of the BRADSO policy,
4. strategy-proofness, and
5. has no priority reversals,
if and only ifj is the COM-BRADSO mechanishi®©M BR

Apart from singling out the COM-BRADSO mechanism as the uniqgue mechanism that satis-
es our desiderata, to the best of our knowledge Theorem 2 is the rst joint characterization of
an allocation mechanism (i.e. the cumulative offer process) together with a speci ¢ choice rule
CBR for each branch b 2 B.? In our application, in addition to the standard axioms of individual
rationality, non-wastefulness, lack of priority reversals, and strategy-proofness, the axiom of en-
forcement of the BRADSO policy (whi.9091sm4 10.9091 Tf 7.054 3.795 Td o



Class of 2021 con rms that this exibility was used by cadets. Figure 2 provides details on the
extent to which cadets did not rank a branch with increased cost immediately after the branch at
base cost. For each of 994 cadet rst branch choices, 272 cadets rank that branch with BRADSO as
their second choice and 36 cadets rank that branch with BRADSO as their third choice or lower.
These 36 cadets would not have been able to express this preference under the message space of
a quasi-direct mechanism like the USMA-2006 mechanism or the USMA-2020 mechanism. When
we consider the next branch on a cadet's rank order list, cadets also value the exibility of the
new mechanism. For the branch that appears next on the rank order list, 78 cadets rank that
branch with BRADSO as their immediate next highest choice and 24 cadets rank that branch with
BRADSO two or more places below on their rank order list. These 24 cadets also would not have
been able to express this preference under a quasi-direct mechanism.

The fact that COM-BRADSO is a strategy-proof mechanism which elicits rankings over branch-
price pairs allows us to compare outcomes under the USMA-2006 and USMA-2020 mechanisms
with knowledge of the underlying branch-price preference relationship. In Figure 1, we could



rankings of branches and learned about their assignment took place. After observing their dry-

run assignment, cadets were allowed to submit a nal set of rankings under USMA-2020, and

therefore had the opportunity to revise their strategies in response to this feedback. Figure ﬂabu—
lates strategic BRADSOs, BRADSO-IC failures, and detectable priority reversals under indicative
and nal preferences. Final preferences result in fewer strategic BRADSOs, BRADSO-IC failures,
and detectable priority reversals. This pattern is consistent with some cadets responding to the
dry-run by ranking branch choices in response to these issues.

In general, cadets form their preferences over branches over time as they acquire more infor-
mation about branches and their own tastes. Therefore, the change documented in Figure E] may
simply re ect general preference formation from acquiring information about branches, and not
revisions to preferences in response to the speci ¢ mechanism. We brie y investigate this possibil-
ity by looking at the presence of strategic BRADSOs, BRADSO-IC failures, and priority reversals
using data on the indicative and nal preferences from the Class of 2021. This class participated
in the strategy-proof COM-BRADSO mechanism. We take indicative and nal cadet preferences
under COM-BRADSO and construct truthful strategies, following the approach described above,
for the USMA-2020 mechanism. Figure@ shows that with preferences constructed from a strategy-
proof mechanism, there are only modest differences in strategic BRADSOs, BRADSO-IC failures,



A key guestion the Army considered when designing this year's mechanism
was how much in uence to give cadets who are willing to BRADSO. If every
cadet who volunteers to BRADSO can gain priority, or “jump” above, every
cadet who did not volunteer to BRADSO, then that could improve Army re-
tention through more cadets serving an additional three years, but it could also
result in more cadets being assigned to branches that do not prefer them.

The comparative static results in Proposition 2]in Section motivate our empirical analysis of
different BRADSO policies. While the results on the BRADSO collected given in Proposition ZD
hold for a given branch, in theory they may not hold in aggregate across all branches under
COM-BRADSO@ However, as we show next, the comparative static properties do hold in our
simulations with the Class of 2021 data for several BRADSO policies.

The Army considered three BRADSO policies: the ultimate BRADSO policy and two tiered
BRADSO policies. Under BRADSO-2020, a cadet who expressed a willingness to sign a BRADSO
contract only obtained priority over other cadets who had the same categorical branch rating.
Under BRADSO-2021, a cadet who expressed a willingness to sign a BRADSO contract obtained
higher priority over all other cadets if she was in the medium or high category. To illustrate the
trade-off between talent alignment and retention, Figure § lises preferences from the Class of 2021
and re-runs the COM-BRADSO mechanism under these three BRADSO policies for different levels
of BRADSO capq, , where g is expressed as a percentage ofj,, the total number of positions for
branch b.

To measure the effects of BRADSO policies on BRADSOs collected, Figurg p shows how the
number of BRADSOs charged increases with q; and with the closeness of the BRADSO policy
to the ultimate BRADSO policy. That is, for a given q; the BRADSO-2021 policy results in more
BRADSOs charged than BRADSO-2020 policy, but fewer BRADSOs charged than the ultimate
BRADSO policy. When the BRADSO cap is small, there is relatively little difference between
BRADSO policies. For example, when the BRADSO cap is 15% of slots, 55 BRADSOs are charged
under the ultimate BRADSO, 47 BRADSOs are charged under BRADSO-2021, and 38 BRADSOs



policy and increase the BRADSO cap, qb+, from 25 to 35 percent. These are both policies that
increase the power of BRADSO. However, USMA decided against adopting the ultimate BRADSO
policy because branches remained opposed to giving more BRADSO power to low tier cadets.

7 Conclusion

In July 2019, the US Army implemented sweeping changes to the Army's Talent-Based Branching
Program by adopting the USMA-2020 mechanism for the West Point, or USMA, Class of 2020.
The impetus for this change was to give Army branches greater in uence and to ultimately as-
sign cadets to better tting branches. However, the USMA-2020 mechanism retained the same
restricted strategy space as the previous USMA-2006 mechanism. The performance of the USMA-
2020 mechanism made several underlying issues more apparent.

Our paper describes these reforms and shows how they facilitated the adoption of a cumula-
tive offer mechanism for the Class of 2021. Our main result is that the cumulative offer mechanism
with a particular choice function is the only mechanism that satis es intuitive criteria, all formu-
lating the Army's objectives. We also formally and empirically study the USMA-2020 mechanism.
That investigation provides insights into the perverse incentives in this mechanism and why these
challenges became dif cult to ignore for the Class of 2020.

Whenitwas rstformulatedin S| onmez and Switzer|(2013), cadet-branch matching became the

rst real-life application of the matching with contracts framework with a non-trivial role for the
contractual terms. Our work builds on foundational theory by Kelso and Crawford (1982), Hat-
eld and Milgrom (2005),/ and Hat eld and Kojima (2010) and applied theory papers by S | onmez
and Switzer|(2013) and|Snmez (2013). This sequence of papers opened the door to in uence
mechanisms deployed in the eld, and eventually led to the redesign of USMA's mechanism. In
this respect, we contribute to a market design literature where abstract theoretical models, which
are often not contemplated in terms of particular applications, go on to have practical applications
and ultimately in uence real-world mechanisms. We hope the chronology of the military's reform
which links theory to practice follows the model of other market design applications, such as for
the medical match, spectrum auctions, school assignment, kidney exchange, internet advertising,
and course assignment@ Moreover, after the adoption of the cumulative offer mechanism at the
Israeli Psychology Master's Match (Hassidim, Romm, and Shorrer, 2017), the Army's use of the
COM-BRADSO mechanism is, as far as we know, the second eld application of matching with

SOs are consecutive, and also considered different assumptions on the prevalence of non-consecutive BRADSOs. These
assumptions are not needed when cadets can rank branch-price pairs in a strategy-proof mechanism.

30For the medical match, see|Gale and Shapley |(1962), Roth| (1982), and Roth and Peranson (1999). For package
auctions, see Kelso and Crawford|(1982), Demange, Gale, and Sotomayar|(1986), Milgrom|(2000), Ausubel and Milgrom
(2003) Milgrom and Segal (2017), and Milgrom and Segal (2020). For school assignment, see Gale and Shapley (1962),
Balinski and Sonmez| (1999), Abdulkadiro glu and Sonmez (2003),| Pathak and $nmez| (2008), and| Abdulkadiro glu,
Pathak, and Roth| (2009). For kidney exchange, seé Shapley and Scarf (1974), Abdulkadirglu and Sonmez|(1999)/ Roth,
Sonmez, and Unver|(2004) and |Roth, SSnmez, and Unver|(2005). For internet advertising, see|Shapley and Shubik
(1971), Edelman, Ostrovsky, and Schwarz (2007), and Varian (2006). For course allocation, see Varian (1974)08mez
and Unver|(2010), Budish (2011)| Budish and Cantillon|(2012), and Budish, Cachon, Kessler, and Othman |(2017).
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contracts.

While the Army initially resisted reforms to the USMA branching process, the challenges due
to failures of certain principles formalized by our axioms led the Army to partner with us to x
these challenges. The Army sought a mechanism that not only promoted retention and talent
alignment as USMA-2020 did, but that was also incentive compatible. The desire for incentive
compatibility was partly to build cadets' trust in Army labor markets (Garcia, 2020), and partly
to obtain truthful information on cadet preferences. The latter objective is particularly important
for Army efforts to understand and address the lack of minority representation in branches like
Infantry and Armor, branches that produce a disproportionate share of Army generals (Bfiscoe,
2013; Kofoed and mcGovney, 2019). In that sense, reform shows the practical relevance and power
of the matching with contracts framework, as well as the importance of building mechanisms with
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qg -lowest p,-priority cadets among these awardees are only tentative. Step 2 of the procedure for
mechanism f BR ensures that, if any cadet j 2 | loses her tentative assignment (b, t°) from Step 1,
then any cadeti 2 1 who receives an assignment of (b, t*) is such that (i, t") w; (j,t°). Therefore,

)
fER( )=(b,t*), and T,
= Lt )w , ). 3
Moreover, Step 2 of the same procedure also ensures that, forany” 2 1, ... ,q; g, the "™ lowest p -
priority cadet i with a tentative assignment of (b, t%) cannot maintain this tentative assignment,
for as long as there are at least’ lower p-priority cadets who are both willing to pay the increased
costt™ and also able to “jump ahead of” the cadet i through the BRADSO policy. Therefore,

9
fER( ) =(b,1%), =
(b,t") fPR( ), and , =) %2 1:f8R( )=(bt") =g . (4)
(i, t") wy (j, 1) ’

Relations (3J) and (4) imply that mechanism f BR satis es enforcement of the BRADSO policy.

Uniqueness We next show that mechanism f BR is the only mechanism that satis es all ve
axioms.

Let the direct mechanism j satisfy individual rationality, non-wastefulness, BRADSO-IC, enforce-
ment of the BRADSO policy, and has no priority reversals. We want to show that j ()= fBR( ).

If there are less than or equal to q cadets for whom the assignment (b, t%) is acceptable under the
preference prole , all such cadets must receive an assignment of(b, t) by individual rationality,
non-wastefulness, and BRADSO-IC. Since this is also the case under the allocationf BR( ), the result
holds immediately for this case.

Therefore, w.l.o.g assume that there are strictly more than g cadets for whom the assignment
(b, %) is acceptable under the preference prole . Let I° be the set ofqg highest p ,-priority cadets
in 1. By non-wastefulness, all positions are assigned under j ( ). Since at mostq; positions can
be awarded at the increased costt*, at least qg positions has to be allocated at the base costt°.
Therefore,

forany i2 1%  ji( )=(bt)=f7R() (5)

by lack of priority reversals.
Let I be the set ofg, highest p,,-priority cadets in | n1°. Relabel the cadets in the setl* so that
forany ~2f1,....0, 0 cadeti is the “-lowest p-priority cadetin 1. Let

= j21n0°[ 1M :(bt") ;£.
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By individual rationality and the lack of priority reversals,
forany i 2 In(1°] 11 19, ji( )= E=1BR( ). (6)

By relations (B) and (6), the only set of cadets whose assignments are yet to be determined under
j () arecadetsinl®[ J° Moreover, by the lack of priority reversals, cadets in J° can only receive a
position at the increased costt*. That is,

forany j 2 J°, ji( )6 (b1%. (7)

For the next phase of our proof, we will rely on the sequence of individuals i%, ... i% and the
sequence of sets)?, J1, . . . that are constructed for the Step 2 of the mechanismf BR. Here individual
itisthe qth highest p ,-priority cadet in set 1, cadeti? is the (q 1)th highest p,-priority cadet in set
I, and so on. The starting element of the second sequence isi® = fj2 I n( lack of priority reversals

00



Relations (5), and (11) imply j ( ) = f BR( ), completing the proof for Case 1.
Case2.n2f1,...,00 19

For this case, by the mechanics of the Step 2 of the mechanisnf BR, we have
forany * 2f1,...,ng, i23 it wy (i ,t9) " (12)

and
j2 Pt wl (™% =n (13)

Since mechanismj satis es condition (2) of the axiom enforcement of the BRADSO polidfe lack of
priority reversalsand relation 12 imply

foranyi2fil,....i"a, ji( )6 (btO). (14)

Therefore, by non-wastefulnesand relations (5), (6), (7), and (14), at leastn positions must be
assigned at the increased costt* .

Moreover, since mechanism j satis es non-wastefulness, lack of priority reversasd condition
(1) of the axiom enforcement of the BRADSO poliaglation (13) implies

foranyi2fi™?: ... i%g,  ji( )2 (bt%,(bt") . (15)

But since j satis es individual rationality, relation (15) implies that ji( ) = (b,t° for any
i 2 fim1 ... i%gwith £ ; (bt"). Furthermore forany i 2 fi"*? ... i%gwith (bt*) | &
instead reporting the fake preference relation ,02 Q with &£ io(b,t”) would guarantee cadet i an
assignmentofji( i, 9 =(b,t° due tothe same arguments applied for the economy ( i, 9,
and therefore by BRADSO-IC these cadets too must receive an assignment of(b, t°) each. Hence

forany i 2 fi"™% .. .i%g,  ji( )=(bt%=fBR( ). (16)

Since we have already shown that at least n positions must be assigned at an increased cost oft*,
relation (16) implies that exactly n positions must be assigned this cost, and therefore for any cadet
j 2 I who is one of the n highest p-priority cadets in J",

jijC )=(b,t with



Since mechanismj satis es condition (2) of the axiom enforcement of the BRADSO policy, relation

implies
forany i2fil,. .,i%g,  ji( )6 (btO). 19
yi2in, it ji( )6 (ht) (19)
= |1
Therefore, by non-wastefulness and the lack of priority reversals, exactly q; positions must be as-
signed at the increased costt* . Hence for any cadet j 2 3% who is one of the qb+ highest p-priority

cadets in J%
ji( )=(bt")=f5R() (20)

by elimination of priority reversals.
Relations (§) and (20) imply j ( ) = fBR( ), completing the proof for Case 3, thus nalizing
the proof of the theorem. O

Proof of Proposition 1 } Suppose that there is only one branchb 2 B. Fixing the pro le of cadet
preferences 2 Q , the baseline priority order py, and the BRADSO policy w;, consider the



Proof of Lemma Lets be a Nash equilibrium of the strategic-form game induced by the USMA-
2020 mechanism(S2020 j 2020) " Contrary to the claim suppose that, there exists i, j 2 | such that

P9%%s) iifs) and ipyi

There are three possible cases, where in each case we reach a contradiction by showing that cadet
i has a pro table deviation by mimicking the strategy of cadet j:
Case 1 j#%%s )= (bt andj s )=(b,t").

Since by assumption j 2929(s ) = (b, t*),
s; = b.
Moreover the assumptions j %2Ys ) = (b,t%), j ?%Ys ) 6 (b,t%), andi py, j imply
j21"(s) and s = A& (21)

But then, relation (21) and the assumption i py j imply that, for the alternative strategy §; = Afor

cadeti,
i217(s ,,&)s 1 (s) cadet



Since by assumption j 29%Y(s ) = (b, t"),

j21"(s) and s =b (23)

Moreover, since j 202s ) = /by assumption,
i 620" (s ).
Therefore, sincei py, j by assumption,

j217(s) and i 627 (s ) =) s, = &£

But then, again thanks to assumption i py j, the relation (3) implies that, for the alternative
strategy §;j = b for cadet i,
|2 |+(S |,§|),
and thus
{ izozog ivgi; i) 79%%s),

2f (b,19),(b,t*)g

contradicting s is a Nash equilibrium strategy;, completing the proof for Case 3, and concluding
the proof of Lemma [ }

For the next phase of our proof, we rely on the construction in the Step 2 of the mechanism
f BR: Let 19 be the set ofqg highest p,-priority cadets in 1, and 11 be the set ofqb+ highest p ,-priority
cadets in I n 1°. Relabel the set of cadets inl?, so that i' i